. Correlation of B-factors and predictions by simple EN models for a set of 30 protein structures of ultra-high resolutions PDB ID Length Corr
The size of C  distribution in a given NMR ensemble is manifested by its inter-conformer r.m.s. PDB structures used for open/closed conformation are listed in the second column. In three examined ENMs (column 3-5), k o * is the internal mode that has the highest correlation (indicated by  o ) with observed open↔closed transitions when 'open (unbound)' structures are used as the ENM input, whereas k c * is the mode that produces the highest correlation  c with the observed conformational changes when 'closed (inhibitor-bound)' structures are used as the input. For instance, the conformational transition for Calmodulin from 'open' (1cll) to 'closed' (1ctr) state can be best described by the 6th ANM mode with a 0.48 correlation when the 'open' structure is used, or by the 3rd ANM mode with a 0.39 correlation when the 'closed' structure is used. Here the paired student T-test is used to examine the statistical equivalence or disparity between ENM groups. As 'open' conformation is used as the input, EPIRM and ANM have statistically identical averages (0.57 and 0.60 respectively) while outperforming eGNM that has an average of 0.46. When 'closed' conformation is used as the input, the three ENMs have statistically equivalent performances despite the higher mean value of EPIRM (0.47).
I.
Detailed derivations of the eGNM Hessian, I Γ  matrix, from the GNM potential The GNM energy E GNM takes the form 
A schematic illustration for the relation of these vectors can be found in Figure S1 . The matrix-vector form of the same expression reads as
 is the positional deviation from the mean for node i at a instant moment;  is the Cartesian coordinate of x-, y-or z-of the node i.
Γ is a NN connectivity matrix, of which the off-diagonal elements  ij = -1 if i is in contact with j within a cutoff distance and zero otherwise. The diagonal elements ;
3N3N matrix comprises NN super-elements, each of which is a 33 matrix for pair ij and the super-element ij takes values  ij where I is a 33 identity matrix. I I Γ  is the Hessian for GNM potential. The elements in are the second derivatives of the E GNM . The proof of which is shown in the Supplementary II.
The derivation of the section starts from the definition of ensemble average (or expectation value) of a certain physical quantity represented as a random variable; the probability associated with each instantaneous value of such quantity can be defined by the potential of the system at the value through Boltzmann relation. The potential featured in GNM here is a simple, residue-based, pairwise potential.
For an instantaneous conformation, its probability assumes the Boltzmann relation such that
Let us consider a NN residue-residue (or node-node) correlation matrix C, of which the component C ij is . It is clear that
The Gaussian integrals in the denominator and the integral in the numerator can be solved using , we therefore obtain
and <ZZ
, and
Note that here the imposed condition <XX
is not an assumption if GNM potential is so assumed in the Eq.SI-1. However, in Flory's treatment, polymer chain is assumed Gaussian in the first place (10).
, it can be shown in a similar way that 
For those j that contact with i,
; n i is the number of neighbors of i within a given contact distan R c . ce
Hence, the diagonal superelement ii in I Γ  comes with the form 
The fact that GNM modes contain rigid-body rotation was not widely conceived before. One of the reasons is that it is hard to examine rotation in the N-dimensional space instead of 3N. eGNM concept provides a correct scaffold and resolves modes in 3N-dimension hence an easier confirmation and characterization of external rotation in modes.
III

Derivation of the Hessian, H, based on ANM potential
For those j that contact with i, we take the first derivative of (thereafter denoted as E)
Take the derivative of the above obtained again to obtain the second derivative of E
When the second derivative is taken at the equilibrium, , the above expression is 
The 3N3N Hessian H can therefore be constructed. Also, it can be derived similarly as described in the Section I that
The diagonalization of Hessian gives six vanishing eigenvalues such that (4)).
(SI-19)
IV Three trivial modes obtained from diagonalization of Hessian when the model is translational invariant
In Cartesian space, for any model that is translational invariant (such as non-condensed GNM), 3 zero eigen modes are generated in the diagonalization of Hessian, and another 3 zero modes are generated if it is also rotational invariant (such as ENM). A simple explanation is as follows, which justifies why eGNM Hessian, I Γ  , results in 3 zero eigen modes for the external translation.
Let us consider a one-dimension system along which N degrees of freedom are located, and the overall energy for this system is E(x 1 , x 2 , .. x N ) which is a function of positions of all the d.o.f. When the system is translational invariant in energy,
where c is the amount of displacement by which all the d.o.f systematically translated. The E is not changed with c to be translational invariant. The first derivative of E against c should therefore be zero. That is
We also note that the term dc dx j is unity when the system is in rigid-body translation ( has to change as much as c does), which leads to
We take partial derivative against x i on both sides of the above expression to obtain
are the Hessian elements in those simple models discussed in the study. According to the derived equality,
where v is the normalized N-d column vector for the external translation of the system such that
Hence, it becomes clear that translational invariance exemplified in the one-dimension system results in one zero eigen mode. In the Cartesian space, we therefore obtain three trivial modes due to the translational invariance. The trivial modes that result from the rotational invariance of the potential (such as ANM) can be rationalized in a similar way.
V Force and Torque experienced in GNM-and ANM-defined Potential
GNM -Energy function defined by vectorial differences of atomic displacements
According to Eq. SI-1, force acting on atom I is -25) where and
Total force acting on the molecule. Torque acting on the molecule; is subject to a rigid-body rotation. Hence, GNM has translational but not rotational invariance.
ANM -Energy function defined by the difference of inter-atomic distances
We know that ANM potential is the sum of a function  that is a function of r ij such that External motions on the other hand have a relatively flat profile (featureless). Abscissa is the residue index; Ordinate is the r.m.s fluctuation (Ǻ). We know that B-factors are the size of atom fluctuations (the total fluctuations) multiplied by a constant. We also know that the fluctuation profiles of residue internal motions can be predicted by ANM and EPIRM. Pearson correlation between these two profiles (B-factors and internal motions) indicates given models' applicability to describe B-factors. It is mathematically trivial but worth noting -the correlation coefficient does not change with the absolute size of the two profiles. The correlation is high as long as the shapes of the two profiles are similar. This mathematical judgment has been used in most of (if not all) the published studies.
VII Further remarks on EPIRM
Understand the difference between ANM modes and eGNM modes
Derived from a potential that is translation/rotation invariant, ANM modes contain no contributions to the translational momentum and angular momentum of the system. Take a tripeptide system for example (Fig S3) . A given ANM internal mode U A has nine components in the Cartesian coordinate and
; Each V k is a 3-d column vector indicating the size and directions of one residue of the three; 'T' is transpose. Let us assume the simplest case where the mass center of the system does not move and the system does not rotate (however the following discussions also hold for systems translate in constant velocity and/or rotate in constant speed). The following two conditions have to be held. 
